Previous studies have shown that, using a vertical line array, the bottom loss can be estimated in an ambient-noise field from the output power of beams steered towards the sea surface and beams reflected off the seabed. With short arrays, the low angular resolution of the bottom-loss estimate is one of the main limitations of the approach. Synthetic-array processing is proposed as a technique that can improve the angular resolution of the bottom-loss estimate to a level comparable to that of an array with twice as many physical sensors (at equal inter-sensor spacing). The proposed technique follows naturally from a new derivation in frequency-wavenumber domain of the bottom-loss estimation procedure. The conditions under which the approach can be successfully applied are analyzed, with particular regard to the need for the array cross spectral density matrix to be close to Toeplitz. The technique is illustrated and then applied to data from experimental campaigns. Results show that a 16-element synthetic array can achieve an angular resolution comparable to that of a 32-element array.
INTRODUCTION
The seabed bottom loss is an important quantity for predicting transmission loss in the ocean. A simple passive technique for estimating the bottom loss has been developed by Harrison and Simons 1 (in the sonar field the word passive designates techniques that do not make use of artificial acoustic sources such as sound projectors or explosive charges.) In this technique, the marine ambient-noise field, mainly originating from breaking waves, wind and rain at the surface, is sampled at discrete locations in space by a vertical line array of hydrophones. The data are then beamformed to obtain estimates of the power impinging on the array from different grazing angles. The ratio between averaged noise coming directly from the seabed with that coming from the surface (at opposite grazing angles) reveals the loss due to interaction with the seabed, which -by definition -is the bottom loss.
With increasing interest for short arrays, which can be more easily deployed (even on autonomous underwater vehicles) and potentially eliminate array-mismatch errors due to geometric deformation of the array, poor angular resolution becomes a matter of concern. The consequences on the estimated bottom loss can include a shift in the location of the critical angle and, if the seabed is layered, a reduction of the level of interference features in the computed bottom loss. These effects can introduce significant errors when the estimated bottom loss is used directly in propagation models, or in an inversion scheme to estimate geo-acoustic properties of the seabed 2, 3 . This paper proposes synthetic-array processing 4 as a technique that can improve the angular resolution of an array to a level comparable to that of an array with twice as many sensors (at equal inter-sensor spacing). This is done by properly "augmenting" the cross-spectral-density (CSD) matrix measured by the array. For the technique to work, the prerequisite is that the CSD matrix be (approximately) Toeplitz, which implies that the noise spatial coherence function between two hydrophones depends only on the distance between the hydrophones, and not their absolute position in the water column. This property of the CSD matrix was asserted by Buckingham 5 for marine ambient noise in deep water. Harrison 6 estimated that the spatial coherence function becomes weakly dependent on sensor depth at a distance from the waveguide boundaries of the order of a few wavelengths. When this condition is met, this study found that the CSD matrix can be sufficiently close to Toeplitz to allow synthetic-array processing also in shallow water.
DERIVATION OF THE POWER REFLECTION COEFFICIENT FROM THE NOISE SPATIAL COHERENCE FUNCTION
This section presents the derivation of a formula for computing the power reflection coefficient from the spatial coherence function (or cross spectral density) of the surface-generated marine noise field in a lossless water column of constant sound speed. A more complete derivation of this result, as well as the extension to lossy media in the presence of a sound-speed profile, can be found in a separate publication 7 .
The spatial coherence function of the pressure field ( ) Harrison derived a formula for the spatial coherence function of surface generated noise in the ocean, which for the case of two hydrophones joined by a perfectly vertical line and separated by a distance z is written 6, 8 : at the receiver, the surface, and the bottom; c s and p s are the complete and partial ray-path lengths; ω is the angular frequency; c is the sound speed at the receiver in the medium, and R and s R are the bottom and surface power reflection coefficients. In general, besides the ray angle, the reflection coefficients are also a function of frequency, but for the sake of simplicity this dependence will not be indicated explicitly. Note that a is the power attenuation coefficient per unit length.
The model assumes that the hydrophones are "close", so the ray paths and the sound speed are unambiguously defined (see FIGURE 1 for the definition of the coordinate system and all geometric quantities).
FIGURE 1.
Definition of coordinate system and geometric quantities. For constant sound speed, the rays are straight lines (hatched lines) and As a first approximation, the volume attenuation can be neglected in Eq.(2), and let:
and:
(where λ is the signal wavelength) so that: 
where, to avoid an excessive number of symbols, with a slight abuse of notation the reflection coefficients are designated with the same symbols as in Eq.(4). Note that, given Eq. (5) and Eq. (7) (9) and using the Fourier-Transform pair: 
where:
Equations (11) and (12) show that ( ) k C ω , the k -spectrum of the coherence function, is split into a portion
, which is nonzero only for positive k values, and a portion
which is nonzero only for negative k values.
( ) k R can now be computed as the ratio:
where use has been made of the fact that ( ) 13) is equivalent to the method for estimating R described by Harrison and Simons 1 . They derived it through an energy-flux argument, whereas here a frequency-wavenumber domain derivation is presented, from which the developments presented in this study follow more naturally. Note that, because of the rectangle functions in Eq.(12), the power reflection coefficient ( )
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Beamforming and Power Reflection Coefficient
Bottom loss estimation is the application of interest to this study. 
The beam power ( )
is defined as (for the sake of simplicity, in the following the dependence on frequency and grazing angle will often be dropped in the right hand side of equations): 
where c is the sound speed and d is the array inter-element spacing.
The spatial coherence matrix (or cross-spectral-density matrix, hereafter also referred to as "CSD matrix") ω C is defined as the expected value of the outer product ( ) ( )
Typically, in real-world applications several realizations ( ) Equation (15) shows that, in bottom-loss estimation, the ratio of the beamformer output power is used to estimate the power ratio of (plane) wave fronts incident upon the array from symmetric grazing angles. More consistently with our treatment, the angle of incidence can be expressed in terms of the vertical wavenumber z k (note that Eq.(5) defines k as a scaled vertical wavenumber at the receiver:
). The ability of the beamformer to discriminate between wave fronts incident from closely spaced angles is the beamformer resolution. Several ways of defining the resolution exist; adopting the definition based on the Rayleigh criterion, the resolution in wavenumber domain for a linear array is 9 :
where k Δ is the difference between the two closest values of k that can be resolved and
is the total length of the array.
Synthetic-Array Processing
It has been shown above that it is possible, for a noise-only field and under certain conditions, to recover ( ) . This has significant consequences for the structure of ω C , implying that, besides being Hermitian, the matrix is also Toeplitz. 
